In this paper, we consider a supersymmetric AKNS spectral problem. Two elementary and a binary Darboux transformations are constructed. By means of reductions, Darboux and Bäcklund transformations are given for the supersymmetric modified Korteweg-de Vries, sinh-Gordon and nonlinear Schrödinger equations. These Darboux and Bäcklund transformations are adopted for the constructions of integrable discrete super systems, and both semi-discrete and fully discrete systems are presented. Also, the continuum limits of the relevant discrete systems are worked out.
Introduction
It is well-known that integrable discretizations for nonlinear systems begun at the early stage of soliton theory and it is now forty years old. Indeed, at the beginning of the seventies of last century, Ablowitz, Ladik, Hirota and others started their investigations on difference systems. After forty years extensive research, a large amount of works have been accumulated and now there exist various approaches to this problem, here we mention: Lax representations, Hirota's bilinear approach, Bäcklund transformations, geometric method, Hamiltonian method, etc. (see [1, 2, 3, 4] and the references there).
In the soliton theory, Darboux and Bäcklund transformations have been very effective in the study of nonlinear equations [5, 7, 6, 8] . On the one hand, Darboux and Bäcklund transformations are adequate to construct various solutions for a given nonlinear system such as soliton solutions or rational solutions. On the other hand, they may be adopted to create new integrable systems of both continuous and discrete types. What we are interested in is the discretizations of super or supersymmetric integrable systems. As far as we are aware of, Grahovski and Mikhailov are the first to undertake such a research. In a recent paper [9] , they constructed integrable discretizations for a class of nonlinear Schrödinger (NLS) equations on Grassmann algebras. Subsequently, collaborated with Levi we [10] succeeded in discretizing the supersymmetric Korteweg-de Vries (KdV) equation and both semi-discrete and fully discrete supersymmetric KdV equations are given. More recently, we considered a generalized super KdV equation and worked out its different Bäcklund-Darboux transformations and discrete systems [11] (this partially overlaps with the work of Zhou [12] ). Furthermore, the reduction of one of the Bäcklund-Darboux transformations and the corresponding discrete system were considered for Kupershmidt's super KdV equation.
In this paper, we consider a supersymmetric AKNS problem in the same spirits. It will be shown that much like the classical AKNS scheme, this supersymmetric AKNS problem enables us to embed in some wellknown integrable systems such as the supersymmetric sinh-Gordon, supersymmetric modified Korteweg-de Vries (MKdV) and supersymmetric NLS equations. The main aim of the paper is to study this spectral problem and construct its Darboux transformations. These Darboux transformations will lead naturally to the Bäcklund transformations for the supersymmetric systems we are interested in. Furthermore, they allow us to discretize those systems. This paper is organized as follows. In Section 2, we recall the linear problem or supersymmetric AKNS problem and list down some interesting supersymmetric systems which may be derived from it. In Sections 3 and 4, two elementary Darboux transformations and a binary Darboux transformation are worked out. It is further shown that the binary Darboux transformation allows us to construct the relevant Darboux and Bäcklund transformations for the well-known supersymmetric integrable systems such as supersymmetric MKdV, sinh-Gordon and NLS equations. In Section 5, we use these transformations to construct discrete integrable super systems and various discrete super systems of both semi-discrete and fully discrete systems are found. In particular, discrete versions of supersymmetric MKdV equation are obtained. In Section 6, different continuum limits of the new obtained discrete systems are performed. The final section summarizes briefly the results.
Linear problem
Our starting point is the linear spectral problem which is defined in terms of super matrices, by which we mean matrices with entries involving both bosonic variables and fermionic variables. For convenience, we introduce an involution on the algebra of super matrices as follows: given any matrix A = (a ij ) i,j∈Z , we define A † = (a † ij ) i,j∈Z and a † ij = (−1) p(aij ) a ij with p(a ij ) denoting the parity of a ij .
For a super matrix in the standard format [13] 
we also recall the definition of its inverse, which is defined by
and its determinant
In this paper, we consider the following linear problem:
where α = α(x, θ, t) and β = β(x, θ, t) are fermionic superfields depending on a temporal variable t and super spatial variables (x, θ), D = ∂ θ + θ∂ x is the corresponding super derivative, and Ψ = (f, g, σ) T with f, g being bosonic components and σ the fermionic one. As will be shown below, different specifications of the field variables will lead to different supersymmetric integrable systems, which include the celebrated supersymmetric sinh-Gordon equation, supersymmetric MKdV equation and supersymmetric NLS equation in particular. Thus, the situation is much like the classical AKNS scheme and we refer the spectral problem as the supersymmetric AKNS spectral problem. It is remarked that this linear problem is different from the fully supersymmetric AKNS spectral problem proposed and studied by Morosi and Pizzocchero [14] . We also note that the matrix spectral problem may be rewritten as a scalar form
which is gauge-equivalent to the following spectral problem
so-called sAKNS considered by Aratyn and Das [15] . Choose the time dependency of superfield Ψ to be
where θ t is a fermionic variable such that (t, θ t ) constitutes the super temporal coordinate. Then the compatibility condition of the linear problems or the zero curvature representation implies
By the various choices of the P or S, we are provided with a large class of supersymmetric equations, some of the most important ones are listed below.
Case I: β = α = DΦ (a) The supersymmetric sinh-Gordon equation [16, 17, 18 ]
In this case, we have
(b) The supersymmetric MKdV equation [19, 20] 
now we set
Case II: (c) The generalized supersymmetric NLS equation
To have above equation, we require
Further reduction, namely β = κα * (κ = ±1) andt = it, yields the supersymmetric NLS equation [21, 22, 23] iαt = −α xx + 2καD((Dα)α * ).
In the next section, we will construct Darboux transformations for the linear problem (1) . For convenience, we will assume that both field variables and eigenfunctions are also functions of integer-valued variables n 1 , n 2 ,.... The subscripts [i] used in the following denote the shifts on the discrete variables, for example,
Elementary Darboux transformations
Consider a gauge transformation
such that the linear problem is covariant, i.e.
(DΨ [1] 
Here W is a matrix whose entries are differential functions of spatial and temporal coordinates and rational in λ. Taking account of (1), the compatibility of the two linear systems (8) and (9) yields where (m kk , p ij ) and n ij are bosonic and fermionic functions respectively. Substituting W and L into (10), we are provided a system of equations which reads as
and
(
It is easy to see that the equations (15, 16) result in
The simplest nontrivial case corresponds to m 11 = 1, m 33 = 0 and p 33 = 1, which solve (14) . Then (11) and the first equation of (13) lead to n 13 = α, n 31 = −β [1] , n 32 = −n 23 .
Taking (12) and the second equation of (13) into consideration, the second equation of (16) supplies us
and to resolve it, we set n 23 = 0. Thus n 23 = n 32 = 0, p 12 = −(Dα), p 21 = −(Dβ [1] ), p 22 = 1 − αβ [1] .
Then from (17), we have (Dα)(Dβ [1] ) − p 11 (1 − αβ [1] ) = p 2 1 , which gives
where p 1 is a constant of integration. Summarizing above discussion, we obtain a Darboux transformation of elementary type, named as elementary Darboux transformation (eDT). Below we list down two elementary Darboux transformations.
eDT-I:
By the compatibility of the two linear systems (18) and (9), namely,
we arrive at the following Bäcklund transformation
It is well known that the inverse of a Darboux matrix is a Darboux matrix as well. Thus by considering (W p1 (α, β)) −1 and replacing p 1 , α and β [1] by p 2 , α [2] and β respectively, we have a second elementary Darboux transformation.
eDT-II:
Similarly, the corresponding compatibility condition yields
which leads to a Bäcklund transformation
As mentioned already, the Darboux matrix W p2 (α, β) is essentially the inverse of the Darboux matrix W p1 (α, β), thus strictly speaking the eDT-II can not be considered as a new Darboux transformation. We list it down here for the comparison with the existing literatures and convenience to the subsequent discussions. As a matter of fact, the Bäcklund transformations of elementary type were introduced by Konopelchenko for the nonlinear equations solvable by the classical AKNS spectral problem [24] (see also [25, 26] ). The Darboux transformations eDT-I and eDT-II are the supersymmetric extensions of the dressing (gauge) transformations of the classical AKNS spectral problem (see (3.25) and (3.28) of [26] ). Also, by taking bosonic limits, (19) and (21) reduce to those presented in [24] (cf. B
(1)
µ of [24] or (2.2), (2.3) of [25] ). Thus, our elementary Bäcklund transformations (19) and (21) are natural supersymmetric generalizations of the early results.
The notations W pi (α, β) we adopted above for the Darboux matrices are precise and self-explanatory, however for clarity we may instead use a short-hand notation W i ≡ W pi (α, β) in sequel. In case where confusion will arise, we will restore W pi (α, β).
So far we have constructed two elementary Darboux matrices W 1 and W 2 which are expressed by α, β [1] and α [2] , β, respectively, these Darboux matrices may be made more explicit by means of the eigenfunctions of the linear problem and its adjoint. Therefore, we now consider the adjoint linear problem and construct its elementary Darboux transformations. The adjoint spectral problem of (1) is given by
Consider the following Darboux transformation
which gives a Bäcklund transformation for a proper T . One can easily check that T = (W −1 ) † satisfies (23) provided W is a Darboux matrix for (1), thus from W 1 and W 2 , we can obtain the corresponding Darboux transformations of the adjoint spectral problem. Indeed, defining
we have explicitly [1] ) λα(Dβ [1] ) −λβ [1] −λβ [1] (Dα)
and the associated Bäcklund transformation (19) . Similarly, letting
and the related Bäcklund transformation (21).
Next we intend to work out the explicit representations for our Darboux matrices. By calculating the determinants of W 1 and T 2 , we obtain
T is a solution of (1) at λ = p 1 and ϕ 2 = (f 2 , g 2 , σ 2 ) solves (22) for λ = p 2 . Here f i and g i are bosonic, σ i are fermionic. For convenience, we denote
As a result, β [1] and α [2] are functions to be expressed by Ω 1 and Ω 2 , respectively. Indeed, it follows from the condition (W 1 Ψ)| λ=p1 = 0 that
We can easily check that the second equation of (26) is the consequence of the first one, therefore the first one defines β [1] . Meanwhile (19a) or
specifies α [1] . In a similar manner, it follows from the condition (ϕT 2 ) | λ=p2 = 0 that
Also the first equation of (28) defines α [2] completely and (21b), that is,
defines β [2] .
With above results, we arrive at the explicit Darboux matrices which are listed below
Our findings on the elementary Darboux transformations are summarized in the following proposition. 
where W pi (α, β) and T pi (α, β) are defined by (30-32) with α [i] and β [i] given by (26) (27) (28) (29) .
Binary Darboux transformation
The elementary Darboux transformations constructed in last section are relevant and useful for the study of the general nonlinear systems associ-ated with the linear problem, but it is not known how to restrict them to the interesting reductions such as supersymmetric NLS or MKdV equations. In this section, we first demonstrate the permutation property of our elementary Darboux transformations, then we construct a binary Darboux transformation, which may be easily implemented for the specific reductions.
The composition of the elementary Darboux transformations may be done in two different ways as depicted in Figure 1 below.
(Ψ [21] , ϕ [21] ) (Ψ [12] , ϕ [12] ) (Ψ, ϕ) Therefore, on the one hand we have
To find an expression for β [21] , we consider the equation W p1 (α [2] , β [2] )W p2 (α, β)Ψ | λ=p1 = 0 which yields
(Dβ [21] 
A direct calculation shows that above two equations are consistent, therefore (34) defines β [21] . And from (33), we find y 1 y 2 ) .
On the other hand, we also have [12] β [1] (Dα [12] ) −λα [12] (Dβ [1] )
(1 + α [12] β [1] ) λ 2 − p 2 2 + (Dα [12] )(Dβ [1] ) −λα [12] (Dβ [1] ) λβ [1] λβ [1] (Dα [12] )
−(Dα [12] ) −λα [12] 
The equation ϕT p1 (α, β)T p2 (α [1] , β [1] ) | λ=p2 = 0 leads to
Once again, it is straightforward to check the consistency of last two equations, thus the first defines α [12] . And (35), i.e.
, defines β [12] . Based on above discussions, we achieve α [3] ≡ α [12] = α [21] , β [3] ≡ β [12] = β [21] , from which we can show that
Hence these two elementary Darboux transformations do commute and the composition of them generates a compound or binary transformation which is summarized in the following proposition.
Propositon 2. Linear problem (1) admits a binary Darboux transformation, that is,
where
, n 23 = y 1 n 13 , n 32 = y 2 n 31 ,
,
In order to derive the corresponding Bäcklund transformation, we eliminate y i and Ω i by the transformations
In this way, one obtains
where [3] )(Dα) − (Dα [3] )(Dβ)
The compatibility condition is
2(Dβ [3] )(Dα) − (Dα [3] )D(β [3] + β) .
While above Bäcklund transformation takes a more sophisticated form than those induced by elementary Darboux transformations, it has the advantage that the reductions can be done straightforwardly as will be seen below. Case I. β = α = DΦ.
Let p 2 = −ip 1 , y 2 = −y 1 , Ω 2 = iΩ 1 , then the linear problem is covariant under the DT: 
or equivalently,
From this Darboux transformation, we may recover the Darboux transformation for the supersymmetric sine-Gordon equation constructed in [27] . Eliminating y 1 and Ω 1 by (37,38), one obtains
Then the zero curvature equation
supplies the Bäcklund transformation for the supersymmetric MKdV/sinh-Gordon equation [18, 28, 29] Φ [1] − Φ x = p 2 1 sinh(Φ + Φ [1] ) + tanh
(DΦ)(DΦ [1] ). (40) Moreover, from (40) a superposition formula was obtained and it provides a convenient way to construct multi-soliton solutions [30, 29] .
then the linear problem is covariant with respect to the following the Darboux transformation
, n 23 = y 1 n 13 ,
We observe that if p 1 is a pure imaginary number, then (42) coincides with the (5.19) of [21] constructed by Roelofs and Kersten within the framework of prolongation theory. We also remark that while they found the transformation on the level of field variables, the transformations for the eigenfunctions were missing.
Eliminating y 1 and Ω 1 , one obtains
which leads to a Bäcklund transformation for the supersymmetric NLS
Difference systems
In this section, we will consider the discrete systems for our supersymmetric integrable equations related to the linear problem (1) . Taking the Darboux and Bäcklund transformations constructed in last two sections, we will show that various discrete equations may be worked out. To this end, we work in the framework of components rather than the superfields and hence we make the following expansions
It follows form the linear problem (1) that
General SUSY AKNS
We first study the general case of supersymmetric AKNS system and the following three cases will be considered. Case 1. It follows from the eDT-I (18) that
The compatibility of the linear systems (43,44) yields
i.e. the component form of (19) . This system may be interpreted as a semi-discrete system. Case 2. From the eDT-II (20), we have
The equation
which is another semi-discrete super system. While this system may be obtained from the one given in Case 1 by a simple change of notations, we present it here since it will be useful for construction of fully discrete systems (see Case A below). Besides these two elementary transformations eDT-I and eDT-II, we may work directly with the spectral problem (43) and consider its Darboux transformation. In this way, we find the following.
Case 3.
c and l are even constants. The condition
Introducing new variable v via q = e −v , one has
which is the fermionic extension of Toda lattice. In the case of c = 0, it follows from (48a,48b) that (ξ/q) x = 0, (η [2] q) x = 0, which leads to
where µ k (k = 1, 2) are odd constants. Above we reinterpreted the Bäcklund transformations resulted from the Darboux transformations and obtained three semi-discrete super systems. Next we aim to construct some fully discrete systems.
Case A. Consider two Darboux transformations (44,45). Their compatibility yields
q [12] = q + λ 2 − λ 1 1 + q [2] r [1] q [2] − qξ [2] 
r [21] = r + λ 1 − λ 2 1 + q [2] r [1] r [1] − rξ [2] 
Case B. By considering the compatibility of (44,46), or
leads to the following system
where F is given by (47) and r [1] = l/q [1,−2] . By shifting F [1] , it follows from (50,51) that
Let q = e −v , we have
η [2] = cη [1] + e v−v [1] η [12] ,
In the bosonic limit, (52) reduces to the discrete Toda lattice [31] or Hirota equation [32] l(e v[1,
Thus, (52) may be regarded as a super discrete Toda lattice.
SUSY MKdV
Now we turn to the supersymmetric sinh-Gordon/MKdV equations and manage to find their discretizations. In this case, ξ = η and q = r = v x . From (39), one obtains
Now the compatibility condition of (43) and (53), namely
holds if and only if
are satisfied. Above equations are the components-version of (40). Then, we consider one transformation (53) and the other
where the matrix V is the matrix W of (53) with λ 1 , ξ [1] and v [1] replaced by λ 2 , ξ [2] and v [2] respectively. Let v = ln(w), the compatibility condition of (53) and (55), namely
yields an integrable difference system ξ [12] = ξ + λ 1 + λ 2 1 + ww [1] w [1] 
It is noticed that with the absence of fermionic variables, (56) reduces to the well-known lattice potential MKdV equation [2] w [12] 
thus (56) constitutes a super extension of the lattice potential MKdV system.
Continuum limits
In last section, we constructed some semi-discrete and fully discrete systems. To gain a better understanding of a discrete system, one may consider its continuum limits (see [2] for example). The aim of this section is to work out the continuum limits of the discrete systems (54) and (56) above. To this end and for convenience, by employing the symmetries of supersymmetric MKdV equation, we keep w, ξ, w [12] and ξ [12] unchanged but replace
respectively. In this way, from (54) and (56) we have the differential-difference system
and the difference-difference system 0 = (w [1] + w)(w [2] + w)(
These systems are the discrete versions of the potential supersymmetric MKdV equation. We now justify this claim by considering their continuum limits.
6.1. The continuum limit of (57)
To effect the continuous limit of (57) we introduce a new continuous variable τ by τ = 2n1 λ1 , and
Now expanding the quantities in (57) in powers of 1 λ1 , and defining a new independent variable t in term of τ and x such that
we obtain in the continuous limit up to terms of order
which is the potential supersymmetric MKdV equation in component form.
The semi-continuous limits of (58)
This system is a fully discrete system and different continuous limits are meaningful. We consider in this subsection the semi-continuous limits which consist of the straight continuous limit and skew continuous limit.
In the first case, we obtain the differential-difference system (57) as it should be, and in the second case a new semi-discrete system is derived.
6.2.1. Straight continuum limit. To see that the system (58) may be regarded as a discretization of the differential-difference system (57), we define
Then taking account of the Taylor expansions in ǫ, the leading order terms of (58) If the fermionic variable ξ is absent, the system (64) reduces to
which is (4.2.19) of [2] .
Full continuum limit
Above the semi-continuous limits were analyzed for the fully discrete system (58) and two differential-difference systems, namely (60) and (64), were obtained. The first one is (57) and Subsection 6.1 demonstrated that its continuous limit leads to the potential supersymmetric MKdV equation. In the remaining part of this section, we will show that the continuum limit of (64) 
w t = w xxx − 3w x w w xx + 3w x ξξ x ,
where the new independent variables x, t are defined by
An easy calculation shows that the system (65) may be brought to the potential form of supersymmetric MKdV equation (59) by w = e v .
Conclusion
Darboux transformations for a supersymmetric AKNS problem have been constructed. They may serve a useful tool to study the associated integrable systems. In the present paper, we employed these Darboux transformations to establish discretizations for supersymmetric integrable systems and both semi-discrete and fully discrete systems are obtained. In particular, a super discrete Toda lattice and a super lattice potential MKdV systems are found. Different continuum limits are studied for the super lattice potential MKdV systems. We could go further to construct the discrete versions for the supersymmetric NLS system, whose explicit form would be rather intricate, so we do not put them here.
Compared with the classical integrable systems or soliton equations, the study of both Darboux transformations and discretizations is still in its infancy and there is much more to be understood. For instance, it would be interesting to construct Darboux transformations for the fully supersymmetric AKNS problem of Morosi and Pizzocchero [14] . Finding proper ways to integrable discretizations for N = 2 supersymmetric integrable systems are also worth investigating.
